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Abstract
In this paper, we develop a new HOC based immersed interface scheme in cylindrical polar coordinates for solving viscous,
incompressible, laminar ﬂow past a circular cylinder. This new scheme is developed by clubbing the recently developed higher
order compact (HOC) methodology with with special interface treatment for the points just next to the points of discontinuity.
Non uniform grid in polar coordinates (r, θ) is used for the discretization, where the surface of the cylinder is considered as an
interface immersed in the ﬂuid. Streamfunction-Vorticity formulation of Navier-Stokes equation in cylindrical polar coordinates is
considered with an assumption that solution inside the immersed boundary is zero. Quantitative and qualitative results are shown
for various values of Reynolds number Re ≤ 100 and an excellent agreement with existing numerical and experimental results is
found in each case.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the organizing committee of ICCHMT – 2015.
Keywords: HOC; immersed interface; Navier Stokes equations; non-uniform polar grids; von-Ka´rma´n vortex street.
1. Introduction
Recently, Immersed Interface methods have been used as an alternative to traditional approaches for numerically
solving ﬂow past bluﬀ bodies. One of the most signiﬁcant diﬀerences lies in the fact that these methods give rise to
the boundaries immersed inside the computational domain. This boundary represents a singularity such that if one
wishes to solve a particular set of governing equations on full domain, ﬁeld variables and/or their derivatives will be
discontinuous across this boundary. This is a more general approach to solve such problems as it can also take into
account heat and mass transfer characteristics of bluﬀ bodies in addition to the material properties of the body such
as porosity, solidity etc. In this paper, the immersed interface scheme developed by Ray et al. [1] in 1D is extended
to compute the 2D unsteady, incompressible and laminar ﬂow around a circular cylinder placed in a uniform free-
stream. Simulations are done using a non-uniform space grid in polar coordinates (r, θ). The grid is constructed in
such a way that the grid points cluster around the interface (points of discontinuity) and the points of discontinuity
(or the interface) is not a node. Grid points are so clustered that the interval formed by two points on either side of
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the discontinuity acts almost like one single point. We propose special schemes at those points with the help of jump
conditions at the interface which are used along with the HOC scheme at regular points for solving Navier-Stokes
equations on whole domain.
2. Mathematical Formulation and Discretization procedure
We choose a large computational domain of diameter atleast 15 times the diameter of the cylinder whose center
is located at the origin; thus, the cylinder is very small compared to Ω. Fig. 1 shows a viscous and incompressible
ﬂow around a circular cylinder in a circular polar domain Ω. The surface of the cylinder is considered as an interface
immersed in the ﬂuid and it divides the whole domain into two parts such that Ω = Ω+ ∪ Ω−. We have considered
uniform grid spacing along θ-direction and nonuniform grid spacing along r-direction in such a way that grid points
are clustered around the circular interface.
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Fig. 1. Two dimensional mesh in polar coordinates (r, θ) illustrating cylinder surface as an interface immersed in the ﬂuid. (U∞ is
the free stream velocity, R∞ is the far ﬁeld radius).
A general two dimensional partial diﬀerential equation in polar coordinates (r, θ) for a transport variable u with
variable coeﬃcients in domain Ω can be written as
a(r, θ)
∂2u
∂r2
+ b(r, θ)
∂2u
∂θ2
+ c(r, θ)
∂u
∂r
+ d(r, θ)
∂u
∂θ
+ κ(r, θ)u = f (r, θ) (1)
For regular grid points, (1) is smooth enough and we use HOC formulation by Ray and Kalita [2] on non uniform
grids which at ( j,m)th point is given by
[
A11 j,mδr2δθ2 + A12 j,mδr2δθ + A13 j,mδrδθ2 + A14 j,mδr2 + A15 j,mδθ2
+A16 j,mδrδθ + A17 j,mδr + A18 j,mδθ + A19 j,m
]
u j,m + τ j,m = F j,m (2)
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where A11 j,m, A12 j,m, ..., A19 j,m, τ j,m and F j,m are functions of a(r, θ), b(r, θ), c(r, θ), d(r, θ), κ(r, θ), f (r, θ) and their
derivatives.
We now need to devise a new methodology at the irregular points. If we consider the grid points (r j, θm); for each θm
(for m = 0, 1, 2, ...,M − 1), we shall have a 1D like situation along r-direction and we can develop a 1D like analysis
with grid points r j (for j = 0, 1, 2, ...,N − 1). Constructing a polar grid has an advantage that it is symmetric in θ
direction. Since the irregular grid points lie on two concentric circles, we can deﬁne dm1 = r
m
l − rmi and dm2 = rmi+1 − rml ,
for all m = 0, 1, 2, ...,M − 1, such that dm1 → 0 and dm2 → 0 (for all m). We have constructed a non uniform grid on the
domain Ω with grid spacing hmj = r
m
j+1 − rmj . u(r, θ) is assumed to be (q + 1)th order diﬀerentiable everywhere except
at points {rl, θm} on Γ, where discontinuities may exist in the solution u and its derivatives; the function um(rmj ) will
also have the same property except at points (rml ). Now using Taylor’s series expansion of u
+(r, θ) around the point
rmi+1 (i,e., (ri+1, θm)), we get
u+(r, θ) = um
(
rmi+1
)
− dm2 u(1)m
(
rmi+1
)
+
(dm2 )
2
2!
u(2)m
(
rmi+1
)
− (3)
(dm2 )
3
3!
u(3)m
(
rmi+1
)
+ · · · ; ∀ m = 0, 1, 2, ...,M − 1,
where, u(1)m , u
(2)
m , u
(3)
m are the ﬁrst, second and third derivatives of the function um with respect to r respectively and
(dm2 )
2, (dm2 )
3 are the second and third powers of dm2 respectively.
Similarly Taylor’s series expansion of u−(r, θ) around the point rmi (i,e., (ri, θm)) yields
u−(r, θ) = um
(
rmi
)
+ dm1 u
(1)
m
(
rmi
)
+
(dm1 )
2
2!
u(2)m
(
rmi
)
+ (4)
(dm1 )
3
3!
u(3)m
(
rmi
)
+ · · · ; ∀ m = 0, 1, 2, ...,M − 1.
Hence, for all m = 0, 1, 2, ...,M − 1, jump conditions imply
[u (r, θ)]Γ =
(
um
(
rmi+1
)
− um (rmi )) − (dm2 u(1)m
(
rmi+1
)
+ dm1 u
(1)
m
(
rmi
))
+
⎛⎜⎜⎜⎜⎝ (d
m
2 )
2
2!
u(2)m
(
rmi+1
)
− (d
m
1 )
2
2!
u(2)m
(
rmi
)⎞⎟⎟⎟⎟⎠ − · · ·
Our mesh structure allows us to let dm1 , d
m
2 → 0 (see Fig. 1) which leads to
[u (r, θ)]Γ =
(
um
(
rmi+1
)
− um (rmi )) ; ∀ m = 0, 1, 2, ...,M − 1. (5)
Under similar assumptions, one can show that for all m = 0, 1, 2, ...,M − 1,
[ur (r, θ)]Γ =
(
u(1)m
(
rmi+1
)
− u(1)m
(
rmi
))
; (6)
[urr (r, θ)]Γ =
(
u(2)m
(
rmi+1
)
− u(2)m
(
rmi
))
(7)
and so on, where, ur (r, θ), urr (r, θ) are the partial derivatives of u(r, θ) with respect to r. Then one sided diﬀerences
are used at the irregular points on both sides of the interface for incorporating the above jump conditions.
Since Navier-Stokes equations can be easily put in the form of eq. (1), we can apply the HOC scheme (eq. (2))
directly at the regular points. The ω − ψ formulation of Navier-Stokes equations in cylindrical polar coordinates (r, θ)
in domain Ω is given as
∂2ω
∂r2
+
1
r
∂ω
∂r
+
1
r2
∂2ω
∂θ2
= Re
{
u
∂ω
∂r
+
v
r
∂ω
∂θ
+
∂ω
∂t
}
, (8)
∇2ψ = ω (9)
247 H.V.R. Mittal and Rajendra K. Ray /  Procedia Engineering  127 ( 2015 )  244 – 249 
where u, v respectively are the radial and tangential velocity components, and t is the non dimensional time. Velocities
u and v are related to ψ as
u =
1
r
∂ψ
∂θ
and v = −∂ψ
∂r
, (10)
and vorticity ω is given by
ω =
1
r
[
∂
∂r
(vr) − ∂u
∂θ
]
. (11)
No slip boundary conditions are applied on the cylinder surface and at the far ﬁeld, a potential ﬂow is assumed with
uniform free stream velocity U∞ = 1. Other relevant details about the boundary conditions can be found in Kalita and
Ray [3]. The system of coupled equations (Navier-Stokes) will be solved on the whole domain Ω with the assumption
that solution inside the immersed boundary is zero.
We start to solve the vorticity transport equation (8) to advance the vorticity in time from tn to tn+1 followed by
the stream function equation (9) at time tn+1. The source term on the right hand side of equation (9) is equal to the
vorticity at time tn+1. We now need to obtain the jump conditions on vorticity and stream function at the interface. As
per our assumption, ψ− = 0, ω− = 0. So the values of [ψ],
[
∂ψ
∂r
]
, [ω] and
[
∂ω
∂r
]
are equal to the values of ψ,
∂ψ
∂r
, ω
and
∂ω
∂r
respectively at the boundary of the cylinder obtained by imposing No-Slip boundary conditions. These jump
conditions will be incorporated into the above discussed idea for irregular points which is used in combination with
the HOC scheme at the regular points for the simulation procedure.
3. Results and discussion
We construct a non uniform polar mesh in the region Ω = [0,R∞] × [0, 2π] by the points (ri, θ j) which are not
necessarily equally spaced. The cylinder is placed with its base centered at origin. Grid size of (101 × 101) to
(181 × 181) are chosen along with the cylinder of diameter D = 2 and R∞ ≤ 35. Experimentally it has been found
that steady state ﬂow is possible for the range Re ≤ 40. Therefore, four values of Reynolds number (Re = U∞D/ν)
Re = 5, 10, 20 and Re = 40 are chosen in this steady regime. Streamline contours are shown in Fig. 2 where one
can see a pair of attached, steady, symmetric vortices behind the cylinder growing in size as Re increases. Next, the
evolution of streamlines for Re = 100 is shown in Fig. 3 after t = 200 till the onset of periodicity. Cylinder wake
instability is seen to appear and grow in time, eventually leading to the evolution of an impressive von-Ka´rma´n vortex
street. This is a regular feature at this Re and is clearly seen in this ﬁgure. Further, it can be seen from Table 1
that the computed values of lift-drag coeﬃcients and Strouhal numbers (St) are well within the range of the values
obtained by other researchers. It is worth mentioning that for Re = 100, our computed Strouhal numbers diﬀer from
the experimental results of williamson (1989) by only 4.3%.
Table 1. Comparison of lift-drag coeﬃcients of the periodic ﬂow for Re = 100.
Re = 100
S t CD CL
Williamson [4] 0.163 - -
Liu et al. [5] 0.164 1.35 ± 0.012 ±0.339
Calhoun [6] 0.175 1.33 ± 0.014 ±0.298
Russel and Wang [7] 0.169 1.38 ± 0.007 ±0.300
Le et al. [8] 0.15 1.37 ± 0.009 ±0.323
Present 0.160 1.36 ±0.250
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Fig. 2. Streamlines for Re = 5, Re = 10, Re = 20 and Re = 40.
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Fig. 3. Evolution of streamlines for Re = 100 after t = 200.
4. Conclusion
In this paper, a HOC based immersed interface scheme is proposed to compute the 2D ﬂow around a circular
cylinder placed in a uniform stream when we consider the cylinder surface as an interface immersed in the ﬂuid.
This is done by modifying our recently developed HOC based immersed interface scheme in 1D [1] to 2D polar
coordinates for solving immersed interface problems. Numerical simulations are carried out for Reynolds number
Re ≤ 100. The physical properties of the ﬂow ﬁeld are computed using present scheme and the results are compared,
both qualitatively and quantitatively, with the existing experimental and numerical results. Excellent agreements are
found in all the cases. Moreover, it is also seen to capture famous von-Ka´rma´n vortex street eﬃciently for Re = 100.
Since two dimensional computational mesh has been constructed in polar coordinates, one need not resolve the jumps
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in the θ-direction resulting in much less errors in computations. Therefore, this methodology can be easily applied to
the cylinder with boundaries moving around its own axis with minor modiﬁcations.
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